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Abstract

In this paper, we address a next-step procedure for solving nonsmooth integer programming
problems, where the objective function is given as a maximum and the constraints include
both equalities and inequalities. We propose two modifications of the original procedure
aimed at significantly reducing the number of operations required to obtain a solution.
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1. Introduction

Modern computing is inseparable from parallel processing. It is now virtually impossible to find a
computer or smartphone equipped with a single-core processor. Moreover, many devices are equipped
with heterogeneous cores—high-performance and energy-efficient—requiring specially designed
software to balance the computational load across them.

Load balancing problems of this kind are relevant not only for large-scale computing centers [1],
where workloads must be distributed across multiple compute clusters, but also for service systems
such as healthcare, where, for example, patients in infectious disease hospitals must be allocated
among available physicians [2].

In many cases, such multi-resource systems can be described mathematically, and the task of
assigning jobs or requests can be formulated as an optimization problem—typically, one that
minimizes the maximum load across all resources. However, these problems often include the
constraint that individual tasks (or patients) cannot be divided among multiple resources, which
necessitates the development and application of specialized solution methods that explicitly account
for such indivisibilities.

2. Next-step procedure

We consider the problem (TPy) of performance optimization in the case of parallel processing of
N computational scenarios using n processing resources:

X1 X2 Xn . (1)
TPy) : = {—;—;...;—}l , Xy € N,
(TPy) : fu(x) = max 2, a a, ;2)1}1}] N
n
XN:in=N, 0<x;<¢, i=1,n. (2)
i=1

where x; is the number of scenarios processed by resource i; a; € N denotes the performance
(capacity) of resource i; X is the available set of values for x, which is a subset of the n-dimensional
vector space with non-negative integer coordinates (Ng) and satisfies the constraints (3.2); N >0
represents the total number of scenarios to be processed; ¢; = 0 is the maximum number of scenarios
(in terms of execution time or memory usage) that resource i can handle.
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In addition, we define the function p(x):
(x) 2 ( )_<x1+1x2+1 xn+1)
p X) = pl;pz;--.;pn - al ) az ) aeey an

We are now in a position to describe the solution procedure for problem (TPy).

, x €N 3)

Next-step Procedure (NSP)
Step 0. Set k :=0, x* := 0, p(x¥) —(— L. i)

a,’a;’ an
Step 1. IFk < N, THENfind j = argmm {p:}, where x; + 1 < ¢;, ELSE STOP.
i€{1,2,..,n}
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i
k ==k + 1 and loop to Step 1.

2.1. Firstimprovement

It is evident that applying the Next-step procedure to solve the problem requires o(N) operations.
In practical cases, the value of N is often significantly large (e.g., exceeding 100,000), which
inevitably leads to a considerable slowdown in code execution. Nevertheless, it is not required to
begin the search with k = 0; rather, it is enough to identify an initial vector x*1 with a uniform
distribution of the k scenarios. For example, let N, = N and

k . n
k X; t= =q14,, lf q1a;, < Ci k
1 | 1 5
X . k ) xl . ( )
! Zz 14

Xt =c, if q1a;,= cj; o

where |... | denotes the floor function, which rounds a number down to the nearest integer.

If, for some xfl, we have xfl = ¢;, this means that the inequality corresponding to this component
holds as an equality, and the associated resource processes the maximum number of scenarios it can
handle. Hence, the number of unprocessed scenarios is calculated as:

N; = Ny — k. (6)

We can repeat this allocation process (excluding fully loaded resources), while Ny < N, where
s is a counter. Thus, the computational cost of the NSP is equal to o(n) + o(Ny).

2.2. Second improvement

The second improvement to the Next-Step procedure concerns the vector function p(x). It can be
observed that at each iteration, only a single component of p(x) changes, while the others remain
unchanged. Thus, if we sort the components of p(x) in ascending order p(x) = (p(x), <), the desired
component j (Step 1 in NSP) will appear in the first position.

Then, after each step, there is no need to search for the minimum in the entire array (which has a
computational complexity of o(n)); it is sufficient to compare the updated first component with the
second one (with computational complexity o(1)) and, if necessary, adjust its position relative to the
others (with complexity o(n)). This implementation can lead to a significant reduction in the number
of operations in certain cases.

3. Numerical testing

We conducted numerical testing on a set of test examples for the original procedure, as well as for
its three modifications: with Improvement 1, with Improvement 2, and with both improvements
combined. The testing results are presented in Table 1.
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Table 1
NSP modification testing

Type Average execution time (s) Memory usage (GB)
Original NSP 4.2174 s 1.1824
NSP with Improvement 1 0.0114 s 1.1825
NSP with Improvement 2 3.9546 s 1.1824
NSP with both Improvements 0.0107 1.1825

4. Conclusions

The numerical results demonstrate that the first improvement to the NSP significantly accelerates
code execution—by a factor of 371. In contrast, the second improvement alone yields only a modest
speedup of 1.06 times. However, when both improvements are applied simultaneously, the overall
performance increases dramatically, resulting in a 394-fold reduction in execution time. At the same
time, the memory usage of the computing system increases only slightly.
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